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ABSTRACT: An improved Yukawa–Tsuno equation was obtained by inserting the resonance demand parameterr in
the tetralinear extension of the Hammett equation constrained by a hyperbolic relation betweenmeta and para
substituent effects. The new equation with five adjustable parameters and other Yukawa–Tsuno models were applied
to selected literature data for the ionization equilibria of 21meta- and 20para-substituted pyridinium ions in water at
25°C. The data are best described by the new equation using either the sigma-benzoic acid scale withr = 1.35� 0.16
or a truncated sigma-plus scale (in which sigma-zero constants are assigned to 4-alkyl substituents) with
r = 0.29� 0.04. Standard errors were estimated by Monte Carlo simulation. The results for the pyridinium ion
demonstrate that the hyperconjugative effect by alkyl groups is inoperative and that through-resonance effects by
electron-donating substituents are considerably hindered. The origin of this hindrance is ascribed to the particularities
of nitrogen orbitals in heteroaromatic compounds. It is concluded that the pyridine reactivity lies between those of
benzoic acid and benzylic cation, being much closer to the former. 1998 John Wiley & Sons, Ltd.
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INTRODUCTION

The Yukawa–Tsuno equation1,2 is the first modified
Hammett equation in whichmetaand para derivatives
are treated at different levels of complexity.3 These
equations require scales of position-dependent substitu-
ent constants and are most appropriate for the analysis of
substituent effects in benzene derivatives, including
heteroaromatic derivatives. On the other hand, Exner4

and Shorter5 have reviewed different multiparametric
extensions of the Hammett equation in whichmetaand
paraderivatives are treated separately.3 A recent addition
to this field is Pytela’s alternative interpretation of
substituent effects6–8 by means of a single constant per
substituent.

Recently, we proposed9 a hyperbolic model to
interrelatemeta and para substituent constants of the
unified sigma-zero scale.10 On the basis of this model, a
constrained tetralinear version of the Hammett equation
was developed11 which yielded values for thepara/meta
ratio of the field or inductive effect in excellent
agreement11 with Dewar et al.’s model.12 Then we
referred to difficulties encountered while fitting data for
the pyridinium ion series with sigma-plus constants, and

to Sawadaet al.’s contribution13 to the controversy on the
proper scale to describe the pyridine reactivity.

The aims of the present paper are twofold. The first is
to obtain an improved Yukawa–Tsuno equation from our
previous plurilinear extension11 of the Hammett equa-
tion. This leads to a constrained tetralinear equation with
five adjustable parameters that allows for the higher
complexity of thepara derivatives while treatingmeta
and para derivatives interrelately. The second is to
compare the resonance demand in pyridine derivatives
with that in benzoic acid and benzyl cation systems. With
the help of the improved Yukawa–Tsuno equation, it is
shown that, except for the 4-alkyl derivatives, the
pyridine basicity can be described by the sigma-plus
scale almost as accurately as by the benzoic acid scale,
provided that allowance is made for the difference in
resonance demand in these scales. Finally, we use a
Monte Carlo method14 to estimate standard errors in the
resonance demand parameter, and present revised values
and associate errors for the parameters of our hyperbolic
model.9

THEORY

Yukawa±Tsuno equations

The Yukawa–Tsuno equation has been presented in
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different forms.5 Using the symbol D to representthe
experimental substituent effect on the parent com-
pound,15,16we write it as17

� � � � ���� � r��ÿ ���� �1�
wheretheintercept� is astatisticalterm,r is thereaction
constantand r is the resonancedemandmeasuredwith
respectto astandardprocess.This is specifiedwhenthe�
scaleis chosen.We notethat,for r = 1, Eqn(1) takesthe
form of theHammettequationexpressedon the� scale.

If, assuggestedby someworkers,3,18,19metaandpara
derivativesaretreatedseparately,thenEqn(1) shouldbe
decomposedinto

�3 � �3� �3�
�
3 �2�

�4 � �4� �4���4� r��4ÿ ��4�� �3�
sincethedifference�3ÿ ��3 is zero.

Theexistenceof a generallink betweentheeffectof a
substituentfrom the meta and para positions should
permit us to introduce constraintsrelating the fitting
parametersfor these two series. We addressedthis
problem in terms of a model9,11 which uses the
hyperbolicrelationshipin the form it is encounteredin
chemistry.20 The incorporationof the Yukawa–Tsuno
analysisinto this modelis straightforward,leadingto

�3n � �3n� �3n�
�
3n �4�

�4n � �4n� �4n �
�
4n� r��4nÿ ��4n�

� � �5�
�3s� �3s� �3s�

�
3s �6�

�4s� �4s� �4s �
�
4s� r��4sÿ ��4s�

� � �7�
andto four additionalrelations[Eqns(26)–(28)and(61)
in Ref. 11] constrainingparametersin Eqns (4)–(7).
Hencethis tetralinearextensionof the Yukawa–Tsuno
equationconsistsof four equationswith five independent
parameters.Thequantityr in Eqns(5) and(7) retainsits
original meaning1,2,17 as the through-conjugationor
direct-resonancedemandrelative to a standardsystem.
In the above equations,subscriptsn and s stand for
normalandspecialsubstituents,respectively.The latter
are distinguishedfrom the former by the presenceof a
loneelectronpair in theatomnext to thearomaticring.

After deducting direct resonanceeffects, meta and
para substituenteffectsbecomerelated11 by the follow-
ing pair of conjugate rectangular hyperbolae with
asymptotesdefinedby D4/D3 = � andD4 = g:

�4n � �4n=�3n� "n

�4n=�3nÿ � �8�

�4s� �4s=�3s� "s

�4s=�3sÿ � �9�

We haveshown11 that theparameter� givesthepara/
meta ratio for the non-mesomericor field/inductive

effects.Because� is an asymptoticquantity,it doesnot
correspondto thevalueof D4/D3 for anyrealsubstituent.

RESULTS

Data used

Sigma constantsand DpKa data usedin this work are
given in Table 1. Their selectionhas been explained
elsewhere.11 Recently,Shorter21 publishednew IUPAC
recommendedvalues for �BA constants.However, we
havenot revisedour selectedvaluesbecausethenumber
of substituentscovered by Shorter21 is not yet as
extensiveas in Table 1, and the differencesin values
arerelatively minute.

Fitting experiments

A detailed description of the least-squaresnon-linear
fitting procedurebasedon the Luus–Jaakolamethod22

has been given previously.11 Revised values for the
numericalconstantspertainingto our hyperbolicmodel9

for the unified sigma-zeroscale10 havebeenused(see
Appendix).Standarderrorsfor the parameterr and the
main model quantities� and g were calculatedby a
MonteCarlomethod14 briefly describedin theAppendix.

Three versions of the Yukawa–Tsuno equation,
namely our constrainedtetralinearimprovementbased
on Eqns (4)–(7), the bilinear model with separate
equationsfor metaand para derivatives[Eqns (2) and
(3)] and the unilinear original17 Eqn (1) with non-zero
intercept, were applied to the ionization constantsin
Table1 for 21 meta- and20 para-substitutedpyridinium
ions in water at 298K. Data for the unsubstituted
pyridinium ion were included once with the unilinear
modelandtwice (oneasa3n substituentandtheotheras
a 4n substituent)with the plurilinear models.For each
model,correlationanalysiswasperformedusingthe�BA

and�� scales.
Additionally, for reasonsdiscussedbelow,a truncated

�� scalewasalsotested.This is obtainedfrom theusual
�� scaleby setting�� ÿ �° = 0 for the 4-alkyl groups
(substituents11–15 in Table 1). It can be said that this
truncated�� scaleis designedfor the caseswhere the
hyperconjugativeeffect by 4-alkyl substituentsis con-
sidered inoperative. The results of these correlation
analysesare reported in Table 2, together with the
relevantstatistics.We appraisethe goodnessof fit by
Exner’sstatistic4,23,24 , sinceour previousexperience11

showedit asa very strict criterion.Lastly, the statistical
significanceof introducing a variable r over a similar
model with fixed r = 1 is measuredby Ehrenson’s
statistic25 ℜ 1.

It follows from Table2 thatthedescriptionof pyridine
basicities in water by the new constrainedtetralinear
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versionof theYukawa–Tsunoequation,depictedin Fig.
1 is superiorto eitherthebilinearor theunilinearmodels.
It alsofollows thataslidingscaleof �BA and�� valuesis
statistically validatedat a confidencelevel higher than
95%, and that the performance with the �BA and
truncated�� scalesis better than that with the full ��

scale.

DISCUSSION

Substituenteffectson thepyridinereactivityareremark-
able in severalaspects.They representa casefor which
meta and para derivatives were found to be better
correlated by lines of different reaction constants.26

Bryson27 suggestedfurtherthatonecandescribethemeta
seriesby two regressionlines.Lastly, thecontroversyas
to whetherthe pyridine systemfollows the benzoicacid
or the sigma-plus reactivity cannot be considered
satisfactorily settled. We now turn to the detailed

discussionof theseaspectsin the light of the present
results.

Analysis of the meta series

In the analysisof pyridine basicities,the correlationof
the meta substituentsby two regressionlines was first
proposed by Bryson.27 Interestingly, his separation
matchesexactly with our 3n and 3s groups.As noted
before,11 our hyperbolicmodel is consistentwith error-
free data for which r3n and r3s are different, this
differencebeingrelatedto �3s[seeEqn(41)in Ref.11].A
valueof 0.91for r3sÿ r3n (Table2) compareswell with
thevalueof 0.82obtainedby Bryson.27

The behaviour of 3s substituentsin the pyridine
reactivity has been qualified as unexpected28 and its
origin ascribed28,29 to the field-induced resonance
effect.30 This effect, which cannot be accountedfor
separately from pure field effects, should therefore
explaintheincreasedreactionconstantfor 3ssubstituents

Table 1. Sigma constants and data for DpKa at 298 K used in this work

Sigmaconstantsa Pyridiniumb

No. Substituent �3° �4° �4
BAÿ�4° �4

�ÿ�4° D3 D4

Special
1 N(CH3)2 ÿ0.095 ÿ0.317 ÿ0.313 ÿ1.383 ÿ1.25 ÿ4.40
2 NH2 ÿ0.087 ÿ0.295 ÿ0.275 ÿ1.005 ÿ0.795 ÿ3.925
3 OH 0.023 ÿ0.221 ÿ0.159 — 0.40 —
4 OCH3 0.102 ÿ0.120 ÿ0.160 ÿ0.660 0.43 ÿ1.38
5 NHAc 0.144 0.002 ÿ0.092 ÿ0.602 0.86 ÿ0.55
6 SCH3 0.142 0.063 ÿ0.063 ÿ0.663 0.78 ÿ0.74
7 F 0.335 0.151 ÿ0.091 ÿ0.221 2.20 —
8 Cl 0.365 0.242 ÿ0.022 ÿ0.132 2.365 1.38
9 Br 0.369 0.265 ÿ0.045 ÿ0.115 2.345 1.46

10 I 0.343 0.277 ÿ0.067 ÿ0.147 1.92 —

Normal
11 C(CH3)3 ÿ0.087 ÿ0.150 0 ÿ0.110 ÿ0.65 ÿ0.82
12 CH3 ÿ0.062 ÿ0.135 0 ÿ0.175 ÿ0.50 ÿ0.83
13 CH(CH3)2 ÿ0.082 ÿ0.132 0 ÿ0.148 ÿ0.55 ÿ0.84
14 C2H5 ÿ0.077 ÿ0.127 0 ÿ0.173 ÿ0.53 ÿ0.835
15 CH2Ph ÿ0.047 ÿ0.058 0 ÿ0.212 — ÿ0.38
0 H 0 0 0 0 0 0

16 Ph 0.041 0.051 ÿ0.031 ÿ0.231 0.61 ÿ0.14
17 CO2H 0.356 0.440 0 0 — —
18 CO2R 0.349 0.441 0 0 2.12 1.72
19 COPh 0.362 0.456 0 0 2.03 1.86
20 COCH3 0.360 0.469 0 0 1.95 1.70
21 CHO 0.410 0.473 0 0 — —
22 CF3 0.464 0.538 0 0 2.75 2.58
23 SO2NH2 0.578 0.582 0 0 — —
24 CN 0.622 0.714 0 0 3.85 3.35
25 SO2CH3 0.685 0.728 0 0 — 3.61
26 NO2 0.713 0.814 0 0 4.03 3.82

a �� constantsfrom Ref. 10; �4
BA and�4

� constantsfrom Ref. 4, pp. 61–62.
b Inonizationof substitutedpyridinium ions is water.SeeRef. 11 for dataselectionandoriginal references.
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relative to 3n substituents,a featureprecludedby the
bilinear andunilinearmodels.

Sigma scale for pyridine reactivity

Pyridine basicitieswere initially correlated31 by Ham-
mettsigma-benzoicacidconstants.Later,analysisby the
dual substituent parameter treatment32 assigned �R

�

constantsto the pyridinium ion system, and from a
remark by Ellam and Johnson33 a long controversy
ensued.13,29,34–38

Basically,Johnsonandco-workers33,36,38considerthe
pyridine reactivity to be closer to the benzoic acid
reactivityratherthanto thesigma-plusreactivities.Their
contentionwas then supportedonly by Sawadaet al.13

More recently,Reynoldset al.39 suggestedthat�R
BA and

�R
� scalescouldbereplacedby a new�R

� scalesuchthat
�R

BA valueswould be generatedby linear interpolation
between�R

� andthenew�R
� values.Thissuggeststhatthe

controversycouldbesettledby resortingto theYukawa–
Tsuno analysis, insomuch that different r values

associatedwith asinglescalefor resonancecontributions
would embracethe reactivitiesof benzoicacid, pyridi-
nium ion, benzylcationanda,a-dimethylbenzyl(or tert-
cumyl) cation derivatives.However,the presentresults
on the effect of the 4-alkyl groupsindicatethat the�BA

and�� scalescannotbeunifiedsostraightforwardly.We
shall argue that the conditions for the operation of
hyperconjugationin pyridinium ion and benzoic acid
systemsare alike, and different from thosein benzylic
cations. First some evidence is gathered from the
literature.

For thepyridinesystem,Brown andMihm40 werethe
first to noticethatthedecreasein hyperconjugationin the
para seriesfrom methyl to tert-butyl is relatively small.
Notwithstandingthis,hyperconjugation(whichshouldbe
moreaptly termed�–p conjugation41) contributesto the
stabilizationof phenyl compounds,as demonstratedby
thermochemical data by Luo and Holmes.42 The
stabilization energy,Ec, calculatedby them for some
alkylbenzenes,is plottedin Fig. 2 againstthe difference
�4
� ÿ �4

�. An approximate linear relationship results,
showingthatthe�–p conjugationis effectivelyrelatedto

Table 2. Correlation analysis of the ionization of 3- and 4-monosubstituted pyridinium ions in water at 298 Ka

Yukawa–Tsunomodel

Constrainedtetralinearb Bilinearc Unilineard

Quantity �BA ��
Truncated

��e �BA ��
Truncated

��e �BA ��
Truncated

��e

Model
parameters
r3n 6.069 6.083 6.070 6.167 6.167 6.167 5.341 5.195 5.349
r3s 6.975 6.975 7.022 — — — — — —
r4/r3 0.793 0.793 0.803 0.787 0.728 0.789 1 1 1
�4n ÿ0.098 ÿ0.096 ÿ0.105 ÿ0.098 0.144 ÿ0.068 ÿ0.053 0.336 ÿ0.039
�3s ÿ0.280 ÿ0.275 ÿ0.299 ÿ0.082 ÿ0.082 ÿ0.082 — — —
en 1.382 1.383 1.424 1.382 1.020 1.368 1.882 1.748 1.871
es 0.471 0.469 0.491 0.419 0.195 0.398 0.533 0.437 0.521
� 0.762 0.761 0.772 0.756 0.700 0.758 0.961 0.961 0.961

�0.033f �0.031f �0.031f

g ÿ1.223 ÿ1.222 ÿ1.247 ÿ1.227 ÿ0.667 ÿ1.171 ÿ1.259 ÿ1.136 ÿ1.246
�0.087f �0.079f �0.077f

r 1.352 0.299 0.293 1.656 0.471 0.374 1.468 0.356 0.332
�0.155f �0.35f �0.035f �0.195f �0.059f �0.044f �0.136f �0.035f �0.031f

Correlation
statisticsg

n 43 43 43 43 43 43 42 42 42
p 5 5 5 5 5 5 3 3 3
s 0.243 0.254 0.246 0.271 0.278 0.284 0.356 0.364 0.358
 0.127 0.133 0.129 0.142 0.146 0.149 0.184 0.188 0.186
ℜ 1,nÿp 1.068 1.987 2.069 1.153 1.383 1.721 1.076 1.735 1.927
ℜ 1,nÿp,95% 1.052 1.052 1.052 1.052 1.052 1.052 1.051 1.051 1.051

a Datafrom Table1.
b Equations(4)–(7) constrainedby thehyperbolicmodel.
c Equations(2) and(3) treatedasa singlecorrelation.
d Equation(1).
e Assuming�� ÿ �� = 0 for the4-alkyl groups.
f Standarderrorscalculatedby Monte Carlo simulation(seeAppendix).
g n, Numberof datapoints;p, numberof independentparameters;s, standarddeviationof thefit;  , Exner’sgoodness-of-fitstatisticdefinedby4,23,24

 = s/s0 wheres0 is thestandarddeviationof thedata;ℜ 1,nÿp = fpÿ1 / fp is thef ratio in relationto thesamefitting modelwith r = 1; ℜ 1, nÿp, 95%is the
ℜ statisticat the 95%confidence level (valuestakenfrom Ref. 25).
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the sigma-plus scale. The fact that the difference
�BA ÿ �� is generallyconsideredto be zero for the 4-
alkyl groupsdoesnot meanthat thereis no hyperconju-
gationbut thatthis effect is aboutthesamein thespecies
forming an acid–basepair. In principle, theoretical
calculationsusing an ab initio molecular orbital basis
could clarify this problem. Unfortunately, only the
methylgroupis usuallyconsideredfor thesecalculations

so that it is difficult to ascertaincollectivetrendsfor the
alkyl groups.Thus,Reynoldset al.39 obtainedp-electron
transferparametersfor somesubstitutedpyridinium ions
andpyridines.Thechangein this parameteris39ÿ0.016
for 4-CH3, ÿ0.013 for 4-CF3, and ÿ0.041 for 4-F.
Althoughthesemolecularorbitalcalculationsarefor gas-
phase conditions, Abboud et al.43 and Aue et al.44

demonstratedthat 4-CH3 and 4-CF3 are amonga large
number of substituentsfor which the corresponding
pyridinesshow an attenuationfactor of ca 2.4 in their
gas- to aqueous-phaseGibbs energy of protonation.
Consequently,theoretical calculations for the methyl
group appearto indicate a negligible hyperconjugative
effect for the alkyl groupsfrom the para positionin the
pyridine ring. Also, very recently Exner and Böhm45

have concludedthat hyperconjugationdoesnot contri-
butesignificantlyto thestability of 4-alkylbenzylcations
as isolated species, even though they propose a
reappraisalof this effect.

Next we use the results reportedin Table 2. Close
inspectionof thedeviationsshoweda markeddifference
betweenalkyl (11–15 in Table1) andnon-alkyl (1, 2, 4–
6, 8, 9 and 16 in Table 1) electron-donatingpara-
substituents.The root meansquareerror for the latter is
aboutthe samewhen�BA or �� scalesare usedwith a
given Yukawa–Tsunomodel.This indicatesthat for the
non-alkyl groups either sigma scale would be appro-
priate. In contrast,the situationis very different for the
alkyl groups,as evidencedin Table 3. It is remarkable
that thesegroupsare bestdescribedby a truncated��

scalein which �� ÿ �� = 0 for the 4-alkyl groups.Even

Figure 1. Interrelationship between D4 and D4/D3 for the ionization of pyridinium ions in water at 25°C. Diamonds are for
normal substituents and circles for special substituents. Filled symbols are for experimental or estimated values without through-
resonance contributions and empty symbols are for experimental values that include through-resonance contributions. The lines
drawn are for the three-parameter hyperbolae [Eqns (8) and (9)] with parameters given by the constrained tetralinear Yukawa±
Tsuno equation with �BA constants (Table 2). Experimental data and substituent numbering as in Table 1.

Figure 2. Stabilization energy, Ec, of alkylbenzenes42 as a
function of �4

� ÿ �4
�. Numbering as in Table 1. The data are

correlated by Ec (kcal molÿ1) = 3.92� 39.5 (�4
� ÿ �4

�) and a
correlation coef®cient of 0.981.
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theapparentlyindifferentcasefor thebilinearmodelcan
beascribedto a numericalartificiality, assuggestedby a
markedvariationin thecorrespondingr value(Table3).
This demonstratesa difference of kind: negligible
hyperconjugativeeffect in pyridine and benzoic acid
systemsandstabilizationthroughhyperconjugationor an
equivalenteffect45 in benzyliccationsystems.It remains
to seektheorigin of this dichotomy.

Pyridinium ions and benzylic cationsbeara positive
charge in the reaction centre that is supposedto be
delocalized by electron-supplyingsubstituentsin the
para position. However, through-resonanceeffects can
bestericallyhindered,asobservedin aromaticaminesby
Hoefnagelet al.46 More recently, Fujio, and co-work-
ers47,48 found a simple relationshipbetweenthe reso-
nancedemandparameterr and the dihedral angle f
formed by the benzylic 2p p-orbital and the ring p-
system.Theyobservedthatr goesfrom zeroatf = 90° to

a maximumvalueatf = 0°. On theotherhand,long ago
JonesandKatritzky49 emphasizedthe importanceof the
stericrequirementsof resonanceto explainthestabilities
of somepyridine derivatives.More specifically,Ellam
and Johnson33 consideredthat ‘the fact that electron
deficiencyin the pyridine ion arisesin the nitrogensp2

orbital which is orthogonal to the p-orbital aromatic
system’couldexplainwhy thebasicstrengthof pyridines
correlate better with �BA than with �� constants.
Although acceptingthesebasic explanations,we note
thattheresonancedemanddoesnotvanishcompletelyas
an anglef = 90° would indicate.Since47,48 cos2 f = r/
rmax, if pyridinium ions are comparedwith secondary
benzyl cations for which rmax= 1.15,48 then from
r� = 0.293� 0.035 (Table 2) one obtainsf = 60� 2°,
which is only two-thirds of the actual angle. Our
interpretation of these seemingly contradictory argu-
mentsis asfollows.

Table 3. Root mean square error (RMSE) for the 4-alkylpyridinium ions and resonance demand, r, in the ®ts of different Yukawa±
Tsuno models using �BA and �� scales

Yukawa–Tsunomodel

Constrainedtetralineara Bilinearb Unilinearc

Scale RMSE r RMSE r RMSE r

�BA 0.08 1.35 0.08 1.66 0.07 1.47
�� 0.18 0.30 0.10 0.47 0.17 0.37
Truncated��d 0.07 0.29 0.10 0.37 0.08 0.33

a Equations(4)–(7)constrainedby thehyperbolicmodel.
b Equations(2) and(3).
c Equation(1).
d Assuming�� ÿ �� = 0 for the 4-alkyl groups.

Figure 3. Structures showing the p-system of 4-substituted benzyl cation (1), pyridinium ion (2) and benzoate ion (3) and of 5-
substituted pyrazolium ion (4).
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Fujio andco-workers’47,48,50,51reasoningshouldapply
to compoundsin which theelectrondeficiencyoccursin
an orbital overlappingwith the aromaticring. In these
systems a positive charge can be delocalized by
hyperconjugation or by the alternative mechanism
advancedby ExnerandBöhm,45 andstericinhibition of
resonance,in the strict senseof Decouzonet al.,52 may
operate(seestructure1 in Fig. 3). On theotherhand,as
notedby Ellam andJohnson,33 thepositivechargeborne
by thepyridine ring originatesin a sp2 orbital belonging
to the nitrogen atom which also contributeswith a p-
orbital to the aromaticp-system(Figure 3 structure2).
An important insight into this situation is provided by
modernvalencebondtheorycalculations,53 showingthat
somespinpairingcanoccurbetweenorthogonalorbitals
of an atom. If spin-coupledorbitals hinder hyperconju-
gative interactions while allowing a low degree of
through-resonanceeffects,thenour observationsfor the
pyridine reactivity would be rationalized. A similar
situation should arise in the pyrazolesystem54 (Fig. 3
structure4). Finally, the absenceof a positive charge
would explain why there is no differential hyperconju-
gativeeffect in benzoicacidsystems(Fig. 3 structure3).

Resonance demand parameter

The usefulnessof Yukawa–Tsunoanalysesdependson
the precisionwith which the parameterr is obtained.In
the absenceof error estimates,Shorter(Ref. 5, p. 42)
indicatesthatnot muchconfidenceshouldbeplacedon r
valuesless than 0.3 or in the range0.7–1.3.Since the
valueswe obtainedweremostlyin theseunclearregions,
Monte Carlo experimentsfor error evaluation were
performedasreportedin the Appendix.It follows from
the results in Table 2 that the relative error in r can
amountto up to 12%, an error much larger that in the
parameters� andg alsogivenby theimprovedYukawa–
Tsunoequation.In spiteof this, theyaresufficiently low
to allow meaningfulconclusionsto be drawn from the
calculatedr values.

Fujio and co-workers48,51,55 refer to a value of
r� = 0.26 for the �BA scale. Application of the con-
strainedtetralinearmodel to the datain Table1 for the
benzoicacid reactivity yields r� = 0.215with either the
full or thetruncated�� scale.Theseestimatesarein fair
agreementbecauseour approachtendsto yield smallerr
values,asseenin Table2.

Now, using the truncated�� scale,one obtains r�

(pyridinereactivity)/r� (benzoicacidreactivity)= 1.36,a
ratio in excellent accordwith the value rBA (pyridine
reactivity)= 1.35. This demonstratesthat the resonance
demandin the ionizationof pyridinium ions in water is
undoubtedlyhigherthanthat in thebenzoicacidsystem.
Additionally, the equivalencebetweenthe �BA and the
truncated�� scalesmediatedby a certain r value is
evidenced.

Parameter �

The parameter� is designed9,11 to yield the para/meta
ratioof field substituenteffects.It wasshown11 to bebest
modelled by the through-spaceapproachof Dewar et
al.12 This leadsto avalue11 of 0.84for thepyridiniumion
series,whereas� = 0.80wasobtainedassumingrBA = 1.
Now anevenlower valueof 0.76� 0.03resultsfrom the
Yukawa–Tsunoanalysis(Table 2), which, however,is
very closeto thevalueof 0.75obtained11 whenthepara
special substituentsare excludedfrom the correlation
analysis.This loweringof the� valuecanbeascribedto
indirect meta resonanceor field-induced resonance
effects (FIRE).28–30 Since11 � = �� r4s/r3s, where ��
refersto the referencesystem,9 an increasein r3s dueto
FIRE shouldresult in a decreasein �. In otherwords,�
values are theoretically calculatedassumingthat sub-
stituentsbearequalelectricalchargesin themetaandin
the para positions,whereasthe operationof FIRE is
experimentallyequivalent to enhancedchargesin 3s
substituentsand hencethe observed� value shouldbe
lower thanthe theoreticallypredictedvalue.

On the other hand,previousapproacheshave led to
higher estimatesfor �. Thus, in terms of the linear
substituentfree energy(LSFE) treatment,56 Sawadaet
al.13 foundtheratio�p

i =�
m
i for thepyridinium ion system

to be‘virtually identical’with thecorrespondingratio for
the benzoic acid system. We note that the LSFE
correlation13,56 treats meta and para derivativessepa-
rately at the cost of eight adjustableparametersand
yields13 �p

i =�
m
i = 0.85 for the referencesystem,against

our valueof 0.961� 0.005(seethe Appendix).In turn,
on thebasisof theTaft–Topsomtreatmentof substituent
effects,57 Abboud et al.43 have demonstratedthat
polarizability effects are practically absentin aqueous
solutionwheretheyfoundthepara/metaratiofor thefield
effectin thepyridinium ion systemto be0.90.Therefore,
only our improved Yukawa–Tsunoanalysis has the
ability to yield a realisticestimateof � for the aqueous
solutionacidity of substitutedpyridinium ions that takes
into accounttheloweringof thecontributionfrom FIRE.

CONCLUSIONS

An improvedYukawa–Tsunoequationwith five adjus-
table parameterswas derived from our previous con-
strainedtetralinearextension11 of theHammettequation.
Thecharacteristicparametersof thenewequationare�,
the para/meta ratio of field or inductive substituent
effects,g, an absolutemeasureof the Hammettreaction
constantin theabsenceof through-resonanceeffects,and
the Yukawa–Tsunoparameterr, the through-resonance
demandrelativeto thesigmascaleused.

By performinga non-linearcorrelationanalysisof a
largesetof literaturedatafor the ionizationequilibriaof
3- and 4-monosubstitutedpyridinium ions in water at
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25°C, we found the following. In the metaseries,our
constrainedtetralinearapproachaccommodateswell the
increasedeffect by electron-donatingsubstituents,in
relationto theothersubstituents,27 originatedin thefield-
inducedresonanceeffect.28–30Thiseffectis consideredto
beresponsiblefor anobserved� valuebelowtheoretical
calculations.In theparaseries,nosignificantdifferential
hyperconjugative effect is observed for the alkyl
groups,40 and the resonancedemand is equivalently
described by the sigma-benzoic acid scale with
rBA = 1.35� 0.16 or with a truncatedsigma-plusscale
by leaving out the alkyl groupswith r� = 0.29� 0.04,
thesestandarderrorsbeingestimatedby a Monte Carlo
method.14

Although strong resonanceinteractionsare expected
for electron-donatingsubstituentsin reactionswith an
electron-deficientcentre, the present results for the
parameterr addevidencefor the inhibition of resonance
in thepyridinium ion dueto the locationof theelectron-
deficient centrein a nitrogen orbital orthogonalto the
ring aromaticsystem.33
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APPENDIX

Monte Carlo estimates of standard errors

Wehavebeenusingtheoptimizationmethodof Luusand
Jaakola22 for fitting data to linear and non-linear
models.9,11 However,this direct searchprocedureis not
amenableto the assessmentof uncertainties in the
adjustableparameters.On the otherhand,both Shorter5

andExner4 havereferredto the problemsof a statistical
natureassociatedwith the determinationof confidence
intervals for the resonance demand parameter in
Yukawa–Tsunoanalyses.

A convenientway to overcomethesedifficulties is to
employa MonteCarlosimulationmethod.14,58,59Essen-
tially, setsof pseudo-experimentaldatawith a Gaussian
standarderrorarerandomlygeneratedandthenfitted to a
model.By statisticallytreatinga largenumberof values
soobtainedfor theadjustableparameters,standarderrors
in theseparametersare evaluated.Although Alper and
Gelb14 recommendobtainingconfidenceintervals from
anorderedlist of valuesfor eachof thefitting parameters,
we simply assumedthat these values are normally
distributed.Hence,the reportedstandarderrors should
mean that there is a 68.3% probability that the ‘true’
valuefor agivenparameterlies in theintervaldefinedby
addingandsubtractingthestandarderror,respectively,to
and from the bestvalue for that parameter.A constant

standarderror of 0.25 was associatedwith eachDpKa

value in Table 1. This choice was suggestedby the
standarddeviation of the best fit in Table 2. In the
preliminaryexperimentswith the constrainedtetralinear
model,a few runsdid not converge.This inconvenience
was avoided by increasingthe initial searchinginter-
val11,22 for the adjustableparameters.At least 1000
Monte Carlo experimentswere performedfor a given
fitting model in order to obtain the standarderrors
reportedin Table 2. The bestvaluesand Monte Carlo
averagevalues were generally very close, the largest
differencebeinglessthan0.7%.

Revised parameters for the hyperbolic model

In our paperon the hyperbolic model9 for the unified
sigma-zeroscale,10 an annoying changeof subscripts
occurredin the expressionfor the standarderrorsin �4

�/
�3
�. Theexpressiongivenin footnoteb to Table1 in Ref.

99 shouldread

h4=3 � �h2
3 �
�2
4 � h2

4 �
�2
3 �1=2=��

2

3

andthe valuesin the last columnof that tableamended
accordingly.New fits wereperformedandsupplemented
with Monte Carlo-calculated standard errors. The
previously described9 constrainednon-linear least-rec-
tangles weighted fitting procedurewas used in these
calculations.MonteCarloerrorestimates14 arebasedon
1000simulations,of which only 15 did not convergeon
account of leading to a negative rectanglearea. We
observefurther that an individual standarderror9,10 was
assignedto eachsigma-zeroconstant.Althoughthis may
introduce a double weighting in Monte Carlo experi-
ments, it is an acceptedprocedure.59 The following
revised parameter values were obtained:
�� = 0.961� 0.005, g� =ÿ0.225� 0.008 and en� =
0.343� 0.001. Since they are very close to the super-
sededvalues,9 theconsequencesfor thenumericalresults
presentedin TableA1 in Ref.99andTables3–9in Ref.11

are minimal. Finally, we highlight the very good
precisionassociatedwith the parametersfor our hyper-
bolic model.
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